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We develop a general framework for Lorentz-Invariant Lagrangian field theories that lead to second 
order equations of motion. The key ingredient is the antisymmetric Kronecker delta. Then we 
reformulate the general ghost-free Lagrangians in the language of differential forms. The absence of 
higher order equations of motion stems from the basic fact that every exact form is closed. All the 
well-established ghost-free Lagrangian theories for spin-0, spin-1, p-form, spin-2 fields have natural 
formulations in this framework. We propose many new ghost-free Lagrangian theories. 
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Introduction. — The problem of ghost-like degrees of 
freedom are frequently encountered in the construction 
of theories with large numbers of spacetime indices, ei¬ 
ther from high spin fields or high order derivatives. High 
spin fields are dangerous because some tensor indices be¬ 
come derivative indices for the longitudinal modes. High 
derivative Lagrangians are dangerous due to Ostrograd- 
sky’s instability. 

A host of ghost-free theories were carefully constructed 
and a common pattern emerged. The linear theory of 
ghost-free massive gravity requires the Fierz-Pauli tuning 
[1] , where the quadratic mass terms are contracted anti¬ 
symmetrically. When Lovelock studied the most general 
metric theories with second order equations of motion [2], 
he found the ghost-free combinations are some products 
of Riemann curvature tensors whose indices are con¬ 
tracted antisymmetrically as well. The antisymmetric 
structure appeared, again and again, in the most general 
ghost-free scalar theories [3], the recent nonlinear mass 
terms for spin-two fields [4] , etc.[5, 6] 

This general pattern is not only for unconventional the¬ 
ories. Both the Maxwell action for massless spin-1 fields 
and the linearized Einstein-Hilbert action for massless 
spin-2 fields are two-derivative quadratic actions where 
the indices are contracted antisymmetrically. Antisym- 
metrization is a universal element in ghost-free Lorentz- 
invariant Lagrangians. 

Therefore, we are tempted to think that there is a uni¬ 
fying framework for local, ghost-free, Lorentz-invariant, 
Lagrangian field theories and the key ingredient in this 
framework should be antisymmetry. 

In this letter, we develop such a general framework 
and construct novel ghost-free theories. To summarize, 
the general ghost-free Lagrangians are 

£ = ^/wi A • ■ • AWn, (1) 

where D are the dimensions of spacetime and uji could 
be the matter differential forms and the geometric differ¬ 
ential forms. The absence of higher order equations of 


motion is due to a basic property of exterior derivative 

d" = 0, (2) 

whose geometric interpretation is the boundary of a 
boundary vanishes by Stokes’s theorem. 

General ghost-free Lagrangians .— Ostrogradsky’s 
theorem states that the energy of a Lagrangian theory 
with higher order time derivative terms is not bounded 
from below because the Hamiltonian will be linear in a 
conjugate momentum [7] . The negative energy modes 
are ghost-like degrees of freedom. A loophole in Ostro¬ 
gradsky’s proof is the assumption that the Lagrangian 
is non-degenerate. In other words, if the Euler-Lagrange 
equations are, for some reason, of second order, a the¬ 
ory with higher order derivative action could be healthy 
and then no ghost-like degrees of freedom will be propa¬ 
gating. Note that the absence of higher order equations 
of motion is not a sufficient condition. For example, a 
Hamiltonian could be bounded from above due to the 
wrong signs in Lagrangians. 

Below we explain how the antisymmetric Kronecker 
delta arises as a result of second order equations of 
motion together with Lorentz invariance. Then we de¬ 
rive the general form of ghost-free Lorentz-invariant La¬ 
grangians in the language of tensors. 

By Lorentz-invariance, we mean the theories do not 
distinguish among time and different space indices up 
some signs. This applies to gravitational theories when 
spacetime is curved. 

A Lagrangian constructed from zeroth and first order 
terms will not lead to higher order equations of motion. 
Let us consider a Lagrangian with harmless zeroth order 
terms and dangerous second order derivative terms 

C ^ (j>.. .(j)dd(j).. .dd(j), (3) 

where (j) indicates dynamical fields and they can have ten¬ 
sor indices. Without (j).. .(j), the equations of motion will 
be of more than second order or simply vanish. Higher 
order derivative terms in the Lagrangian are not consid- 
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ered because usually they will lead to the same higher or¬ 
der terms in the equations of motion after varying (j).. .(j) 
with respect to </>. The first order derivative terms are 
discussed later. 

Now we examine the variations of the product of two 
second order derivative terms 

5{daida^(j)db^db2(t> . ■.) -S' {daidb^db^(t>da^ -h ...), 

( 4 ) 

where we concentrate on a third order term. There 
are fourth order derivative terms as well, but the spirit 
manifest itself already in the third order terms. Since 
derivatives commute with each others, third order deriva¬ 
tive terms with the same indices but different orders are 
eqnivalent. The coefficient of a third order derivative 
term is 

C^’''Pdf,d^dp(l) = -h 

^C‘^M^dadbdc(l). ( 5 ) 

To have a vanishing coefficient, there are two simple 
choices: either {fj,, v) or {fj,, p) are antisymmetrized. A 
detailed derivation is discussed in the section II of [8]. 
For the second cubic derivative term, we have the same 
requirement, so we have two ansatzes to obtain second 
order equations of motion: 

• (oi, bi) and ( 02 , 62 ) are two sets of antisym¬ 
metrized indices; 

• (oi) ^ 2 ) and ( 02 , 61 ) are two sets of antisym¬ 
metrized indices. 

The same requirements for other second order derivative 
terms lead to two chains of antisymmetrized indices for 
the derivative indices of the second order terms. 

Let us come back to the case with d(j). At first sight, 
varying the first order term will lead to a third order term 

5(9(/)) dd(j) —>■ —ddd(j>, (6) 

but in single field theories this term is cancelled by vary¬ 
ing the corresponding second order term 

d4)6{dd(j)) ddd(j). (7) 

The difference in sign is due to the different numbers of 
integration by parts in the two cases. 

Now we consider the tensor indices in the dynamical 
fields. Let us concentrate on the longitudinal scalar mode 

( 8 ) 

which is the most dangerous due to the large number of 
derivatives in front of it. Varying the action with respect 
to $, these derivatives move to other second order deriva¬ 
tive terms. To avoid higher order terms, the tensor field 
indices should be included into the antisymmetric chains. 


Extending the analysis of first order derivative terms, 
single-index terms (spin -1 fields and first derivative of 
spin -0 fields) are not dangerous in certain situations ( 
see [ 8 ] for more details). It is not necessary to include 
their indices to the antisymmetric chains, but it is not 
harmful to do this. 

From the two chains of antisymmetrized indices, we 
construct the general ghost-free Lagrangians 

c = Y,d^x /(</), a^) 11 > (9) 

where / are scalar functions of scalar fields (and single¬ 
index terms in some cases), 6^ ' is the antisymmetric 
Kronecker delta defined as the product of two Levi-Civita 
symbols with contracted indices 

rAiiAt2. .Mlc _ , - Si^k+l XVD /in'! 

^121122..Mk + 1 • • • "/iD ) ) 

and Lo denotes dynamical fields or their derivative terms 

<: = (a...0);;::: . (ii) 

The two chains of antisymmetrized indices are denoted by 
Pi and Vi. uj have at most four indices (two for derivatives 
and two for tensor fields). For second derivative terms, 
the derivative indices should be in different chains. For 
symmetric spin -2 fields, the tensor indices cannot be in 
the same chains. 

To obtain the antisymmetric Kronecker delta, we as¬ 
sume the indices in the two chains are contracted with 
each others. Otherwise, the free indices will be con¬ 
tracted with those of single-index terms, which will add 
the indices of the additional terms to the other antisym¬ 
metric chains. The Lagrangians are again in the general 
form (9). 

Differential forms .— We want to reformulate the 
general ghost-free Lagrangians (9) in the language of dif¬ 
ferential forms. This is motivated by the crucial impor¬ 
tance of the antisymmetric Kronecker delta, which indi¬ 
cates differential form is a natural language. 

Here is another motivation. Lovelock’s theory was re¬ 
formulated by Zumino in terms of vielbein in [9] . The 
absence of high derivative terms in the equations of mo¬ 
tion is due to the Bianchi identities, which come from 
the basic identity of exterior derivative = 0. As we 
discuss below, this statement applies to other ghost-free 
Lagrangian field theories in this framework. 

In terms of the differential forms, the general ghost-free 
Lagrangians (9) are D-forms 

£ = ^ / w A • • • A w A ?7 A • • • A ? 7 , (12) 

where the differential forms uj and rj are defined as 

w" -= A ..., p''=6ffdx^. (13) 

D is the dimensions of spacetime and the upper in¬ 
dices Vi in (12) are contracted with Levi-Civita sym¬ 
bol. We interpret p as the Minkowski vielbein. Terms 
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with /i-derivatives are exact forms. For instance, the fx- 
derivative of a spin-1 field is 

io'' = d^A'' = dAr (14) 

Varying the action with respect to A'^, the exterior 
derivative d will move to other terms after an integra¬ 
tion by parts. When it acts on a second derivative term, 
the corresponding term vanishes thanks to 

fi2 = 0. (15) 

Therefore, the absence of higher order equations of mo¬ 
tion originates in the basic fact that every exact form is 
closed as in Lovelock’s theory. 

Note that the formulations in the language of differ¬ 
ential forms have a duality as the theories are invariant 
under the exchange between /i and so the above dis¬ 
cussion applies to the i/-derivatives as well. This duality 
generalizes the Hodge duality in Maxwell’s theory. 

Below we discuss some concrete examples of the gen¬ 
eral ghost-free Lagrangians. 

Single spin-0 fields .— The general ghost-free terms 
(9) for single scalar field are 

n 

n (16) 

k^l 

and 

n 

(17) 

where (0) indicates only one spin-0 field is under consid¬ 
eration and n labels the numbers of derivatives in the La¬ 
grangians. The ghost-free terms (16) have no single-index 
term and the terms (17) have two single-index terms. If 
we consider more single-index terms, the ghost-free term 
will vanish due to antisymmetrization. The two kind 
of ghost-free terms (16) and (17) are related by using 
the properties of antisymmetric Kronecker delta and in¬ 
tegrating by parts. They are two equivalent formulations 
of the Galileons, the most general ghost-free, Lorentz- 
invariant, single scalar field theories. In this case, we do 
not have the freedom to construct novel models due to 
the limited number of indices. 

Single spin-1 fields .— The general ghost-free terms 
(9) for single vector fields are 

£« =fiA^Ansi^:::[dM[d‘'A’^] 

[d^A"'] [d-'A^] [d^d’'A^] [d^d’'A -'], (18) 


=fiA^Ansi^:::A^[dM[d’^^l 

[d^A’'] [d‘'A^] [d^d''A^] [d^d'^A''], (19) 


and 

£« = f{A^AnSi:---A^A’^[d^A‘'WA^] 

[DM [d^.d’'A-'], ( 20 ) 

where [V] denotes the product of X 

[X]=Y[X. (21) 

To simplify the notation, the i indices in /i^, ixi are not 
written explicitly. Similar to the case of single scalar 
field, (18-20) are not completely independent terms. 

For U(l) gauge invariant theories, no-go theorems were 
established in [10]. By breaking the gauge invariance, 
non-trivial vector Galileons were constructed in [6]. They 
are special cases of (18) without the zeroth and the sec¬ 
ond order derivative terms. 

Along this direction, the p-form Galileons in [10] can be 
generalized to include zeroth order derivative terms and 
first order derivative terms that are different from the 
field strengths. The first order terms are not necessary 
the field strengths because we have two antisymmetric 
chains. Since the most dangerous mode in the p-form 
is the exact part, the derivative indices and the p-form 
indices should be included into the antisymmetric chains, 
but f could depend on p-form fields. 

In four dimensions, the number of inequivalent theo¬ 
ries are significantly reduced because the length of the 
antisymmetric chain cannot be larger than the number 
of spacetime indices. Below we examine a novel theory 
constructed from second derivative terms. Its Lagrangian 
reads 

4x^ = (22) 

The zero component of the conjugate momentum is 

(^«)° = ^ = -2(a.5[M,)5^(AfcA'=l). (23) 

oAo 

The time derivative terms in tt*^ cancel out, so equation 
(23) is a primary constraint. To preserve this constraint 
in time, we obtain a secondary constraint. These two 
constraint equations eliminate the longitudinal ghost-like 
degree of freedom in this higher derivative theory. One 
can substitute with and verify that the 

equations of motion are still of second order. Note that 
there is one more primary constraint in this specific ex¬ 
ample. 

By construction, the absence of time derivative terms 
in TT*^ is a universal feature of there theories. The reason 
behind this is that the 0 indices in the two antisymmetric 
chains are already used in Aq. 

Single spin-2 fields .— The general ghost-free La¬ 
grangians (9) for single spin-2 fields are 

£(2) ^ ^ (24) 
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The scalar functions / become constants as spin-2 fields 
have at least two indices and they must be included to 
the antisymmetric chains. We do not have the ambiguity 
of single-index terms anymore. By integrating by parts, 
the general ghost-free terms are 


‘''id 







(25) 


We can see the spin-2 theories are more constrained than 
the spin -1 theories due to the large numbers of indices. 

When j = 0, the Lagrangian is a total derivative, so 

f2') 

we require j > 0. For j = 1, the Lagrangians C] { are 
the leading nontrivial terms of the perturbative Lovelock 
terms. The linearized Einstein-Hilbert term corresponds 
to the case i = j = 1. The Fierz-Pauli term is Cq 2 - 

The other zero-derivative {i = 0) interaction terms £q j 
can be thought of as the perturbative terms from the 
nonlinear dRGT potentials. 

However, the ghost-free terms (25) are not very satis¬ 
factory if we interpret the spin -2 fields as the metric 
perturbations 


( 21 ^) 

The action of a gravitational theory should be a func¬ 
tional of the basic dynamical variables, namely the full 
metric field rather than the perturbations For 

example, it was proposed in [11] that C\ 2 is the perturba¬ 
tive term of a new kinetic term for 4D massive graviton, 
but the nonlinear theory is not known and some negative 
results were found in [ 12 ] . 

In principle, one can construct the nonlinear theory 
order by order in fields. However, this powerful pertur¬ 
bative procedure slows down at high orders and to ob¬ 
tain the complete nonlinear theory might require endless 
work. In addition, it is believed that the soul of a gravi¬ 
tational theory lives in geometry. 

Below we use some geometric intuitions to obtain the 
general nonlinear ghost-free gravitational theories. In the 
language of differential forms, the vielbein is a more nat¬ 
ural building block than the metric. The second deriva¬ 
tive of vielbein does not make much sense from the per¬ 
spective of geometry. A more geometric choice of two- 
derivative term is the curvature two-form. Therefore, the 
natural nonlinear ghost-free Lagrangians for graviton are 

Cfj = '^RA---ARAEA---AEAr]A---AT], (27) 

which are the wedge products of the curvature two-form 
R{E), the dynamical vielbein E and the Minkowski back¬ 
ground vielbein rj. {i,j) indicate the numbers of the cur¬ 
vature two-form and the dynamical vielbein in the wedge 
products. There are {D — 2i — j) Minkowski vielbein 77 in 
the wedge products. The notation rj is the same as that 
in (12). The Lovelock terms correspond £) and the 


f 2) 

Einstein-Hilbert action is C\ ^_ 2 - The dRGT terms in 
the vielbein reformulation [13] are 

Coupled multiple fields .— The choice is rich for 
ghost-free interactions of multiple fields. An important 
difference from the cases of single fields is that most of 
the single-index terms should be contracted antisymmet¬ 
rically. The ghost-free interactions of multiple fields are 
the wedge product of the possible terms. For example, 
the Lagrangians of bi-/ multi-galileons [14] are the wedge 
products of the exact forms constructed from different 
scalar fields. 

A subtle point concerning graviton is that the partial 
derivatives are substituted with the covariant derivatives 
because of covariantization. This is required by the uni¬ 
versal coupling of gravity. The connection part of the 
covariant derivatives may lead to higher order equations 
of motion, then counter-terms should be introduced to 
the action [15]. 

Conclusions .— We develop a general framework for 
ghost-free, Lorentz-invariant, Lagrangian field theories. 
We reformulate the general ghost-free Lagrangians in 
the language of differential forms. The differential forms 
in the wedge products are the matter differential forms 
(which are constructed from spin- 0 , spin- 1 , p-form fields) 
and the geometric differential forms (which include viel- 
beins and curvature two-forms). 

The proposed ghost-free models deserve more careful 
examination to see whether they are indeed healthy. One 
of the most interesting case is the new kinetic terms for 
graviton j with only one curvature two-form in the 
wedge product. In the symmetric gauge, they were con¬ 
structed before by dimensional deconstruction and neg¬ 
atives results were found in various approaches in [ 12 ]. 
The new kinetic term in the triangular gauge [16] might 
have more promise to be ghost-free as recent results in 
[17] showed that less degrees of freedom are propagating 
by Lorentz-violation. Another interesting possibility is 
to extend the high derivative Lovelock terms to the cases 
of bi-/multi- gravitons. 

It will be interesting to find first order formulations 
for these high derivative action by introducing auxiliary 
variables. Then the high derivative actions are recov¬ 
ered by solving the equations of motion of these auxil¬ 
iary variables. The case of Galilean invariant theories 
has been done, where they can be thought of as Wess- 
Zumino terms [18]. 

General ghost-free theories for half-integer spin fields 
are not well-explored. They are important because the 
matter content in the standard model of particle physics 
consists of spin-i particles. Only in the vielbein formula¬ 
tion, the Dirac spinors are coupled to gravity. The refor¬ 
mulation of our framework in the language of differential 
forms should be a proper starting point for the investiga¬ 
tion of the general ghost-free theories for half-integer spin 
fields. In addition, the novel duality might be elucidated 
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by spinor or tangent/cotangent bundles formulations. 
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